Abstract. We establish a strong form of local rigidity for hyperbolic automorphisms of the 3-torus with real spectrum. Namely, let L : T 3 → T 3 be a hyperbolic automorphism of the 3-torus with real spectrum and let f be a C 1 small perturbation of L. Then f is smoothly (C ∞ ) conjugate to L if and only if obstructions to C 1 conjugacy given by the eigenvalues at periodic points of f vanish. By combining our result and a local rigidity result of Kalinin and Sadovskaya for conformal automorphisms [KS09] this completes the local rigidity program for hyperbolic automorphisms in dimension 3. Our work extends de la Llave-Marco-Moriyón 2-dimensional local rigidity theory [MM87, dlL87, dlL92] .
Introduction
An automorphism of R d induced by a matrix L ∈ GL(d, Z) descends to an automorphism of the torus
we still denote by L :
≥ 2, is called hyperbolic or Anosov if the eigenvalues of corresponding matrix L ∈ GL(d, Z) lie off the unit circle in C. By Anosov's structural stability theorem any sufficiently C 1 -small perturbation of a hyperbolic automorphism L is topologically conjugate to L. The obstructions for the conjugacy to have C 1 or higher regularity are carried by periodic points. Namely, given a hyperbolic automorphism L : T d → T d and sufficiently C 1 -small smooth perturbation f : T d → T d we say that periodic data obstructions vanish for f if for each f -periodic point p the Jordan normal form of the differential Df n (p) is the same as the Jordan normal form of L n , where n is the period of p. A hyperbolic automorphism L : T d → T d is called locally rigid if any sufficiently C 1 -small smooth perturbation of L, for which periodic data obstructions vanish, is conjugate to L via a smooth diffeomorphism. (Throughout the paper by "smooth" we mean "C ∞ differentiable.") Main Theorem. Assume that L : T 3 → T 3 a hyperbolic automorphism with real spectrum. Then L is locally rigid.
To the best of our knowledge this is the first local rigidity result which yields smooth conjugacy in non-conformal setting. In fact, C 1+Hölder regularity of the conjugacy was established in [GG08] and our contribution is the bootstrap of the regularity to C ∞ . Combining then Main Theorem and the local rigidity result for automorphisms with complex eigenvalues by Kalinin and Sadovskaya [KS09] yields the following corollary. Corollary 1.1. All hyperbolic automorphisms of the 3-torus are locally rigid. Addendum 1.2 (Main Theorem in finite smoothness). Let L : T 3 → T 3 be a hyperbolic automorphism with real spectrum and let f : T 3 → T 3 be a C r , r > 1, diffeomorphism which is C 1 close to L. Then there exists a critical regularity κ = κ(L) ∈ Z such that if periodic data for f vanish and r / ∈ (κ, κ + 3) then f is conjugate to L via a C r−ε diffeomorphism, where ε > 0 is arbitrarily small. In particular, for any r > 3 f is conjugate to L via a C r−3−ε diffeomorphism.
Addendum 1.3 (Analytic local rigidity).
If the perturbation f is analytic then the smooth conjugacy given by the Main Theorem is also analytic.
Local rigidity was first discovered by de la Llave, Marco and Moriyón [MM87, dlL87] for hyperbolic automorphisms of the 2-torus and, since then, was generalized to certain classes of hyperbolic conformal automorphisms, i.e., automorphisms whose spectrum is confined to a circle of radius greater than 1 and a circle of radius less than 1 in C; see [dlL04, KS09] and references therein. Weaker form of local rigidity, which only yields C 1+Hölder regularity of the conjugating homeomorphism, was established for a rather large class of hyperbolic automorphisms of higher dimensional tori in [GKS11] . On the other hand, de la Llave discovered that for reducible hyperbolic automorphisms (i.e., automorphism induced by matrices with reducible characteristic polynomial) local rigidity may fail [dlL92] . Finally, we refer to [dlL92, G08] for a discussion of the more general problem of smooth conjugacy for Anosov diffeomorphisms.
In Section 2 we summarize some well known tools which we use in the proof of the Main Theorem. Section 3 is mostly devoted to the proof of the Main Theorem. At the end of Section 3 we briefly explain how the proof of the Main Theorem in combination with a result of de la Llave yields Addendum 1.2. Section 4 is devoted to the proof of Addendum 1.3.
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Preliminaries
Let W be a foliation on a smooth Riemannian manifold M . We will denote by W (x) the leaf of W passing through x and by W (x, R) for a ball of (intrinsic) radius R in W (x) centered at x. We will also use superscript loc to denote the local leaf W loc (x); i.e., W loc (x) = W (x, δ), where δ > 0 is an aproprietly small constant. , and constants C > 0, λ ∈ (0, 1), such that for all n > 0, 
where d is the induced metric on M . Any diffeomorphism f which is sufficiently C 1 -close to g is also Anosov and the celebrated structural stability theorem asserts that f is conjugate to g
where h : M → M is a homeomorphism which is C 0 close to the identity map. Using (2.1) we obtain that h preserves the stable and unstable foliations.
Note that in the case when g is a hyperbolic toral automorphism the stable and unstable foliations are linear foliations by totally irrational hyperplanes.
Journé's Lemma.
A foliation W on a manifold M is called a uniformly continuous foliation with C r leaves if the leaves of W are uniformly C r injectively immersed submanifolds of M and the tangent bundle T W is a (uniformly) continuous subbundle of the full tangent bundle T M .
We say that a function ϕ : M → R is uniformly C q , q ≤ r, along W and we write ϕ ∈ C q W (M ) if the restrictions of ϕ to the leaves of W have uniformly bounded derivatives of all orders up to q.
Lemma 2.1 (Journé [J88] ). Let W and V be two mutually transverse uniformly continuous foliations with C r leaves on a manifold M . Let ϕ : M → R be a function.
If W 1 is a uniformly continuous foliations with C r leaves on a manifold M 1 , W 2 is a uniformly continuous foliations with C r leaves on a manifold M 2 and h : M 1 → M 2 is homeomorphism which sends W 1 to W 2 then will write
if the restrictions of h to the leaves of W 1 and their inverses are uniformly C r . The following is a straightforward corollary of the Journé's Lemma, which is widely used in smooth dynamics.
Corollary 2.2. Let W 1 and V 1 be mutually transverse uniformly continuous foliations with C r leaves on a manifold M 1 and W 2 and V 2 be mutually transverse uniformly continuous foliations with C r leaves on a manifold M 2 . Assume that a homeomorphism h :
Then h is C r−ε diffeomorphism for any ε > 0.
2.3. Affine structures on expanding foliations. Let W be a one dimensional uniformly continuous foliation with C r leaves and a complete (not necessarily compact) manifold M . Also let f : M → M be a diffeomorphism which leaves W invariant and uniformly expands the leaves of W . Then we say that W is an expanding foliation for f . An expanding foliation W can be equipped with dynamical densities which are defined using telescopic products of jacobians of f | W as follows
where D W f is the jacobian of the restriction DF | T W .
Lemma 2.3 ([dlL92], Lemma 4.3).
If f is a uniformly C r diffeomorphism and W is an expanding foliation for f then the dynamical densities ρ x (·), x ∈ M , are uniformly C r−1 on W (x, R) for any R > 0.
It is easy to check that these families of densities are unique in the class of densities which posses the following properties
DW f (y) ρ x (y) for all x ∈ M and y ∈ W (x). We refer to [dlL92] for more information on dynamical densities and relation to SRB measures.
Lemma 2.4. Let W 1 and W 2 be one dimensional expanding foliations for g : M 1 → M 1 and f : M 2 → M 2 , respectively. Assume that g is conjugate to f via a homeomorphism h ∈ Diff 1 W1,W2 (M 1 , M 2 ). Also assume that f and g are C r diffeomorphisms. Then h ∈ Diff r W1,W2 (M 1 , M 2 ). Proof. Let ρ x (·) be the family of dynamical densities for g. Denote by D W h the jacobian of the restriction Dh| T W1 :
satisfies all properties of dynamical densities for f and, hence, is the unique family of dynamical densities for f . By Lemma 2.3, both ρ x (·) andρ h(x) (·) are uniformly C r−1 along W 1 and W 2 , respectively. Hence D W h is uniformly C r−1 . Because we can also apply the same argument to h −1 we conclude that h ∈ Diff
2.4. Survival of the fine splitting. We assume that hyperbolic automorphism L : T 3 → T 3 has real eigenvalues λ 1 , λ 2 and λ 3 such that
In this case the unstable distribution splits as follows
corresponds to the eigendirection of λ 2 and E uu L corresponds to the eigendirection of λ 3 . Let f : T 3 → T 3 be a perturbation of L. If f is sufficiently C 1 -close to L then f is Anosov and this splitting survives, i.e., 
where β is a Diophantine vector, i.e.,
for all p ∈ Z m \{0} and q ∈ Z, and some c = c(β) > 0. Consider a function a : T m → R with zero average. The equation 
Proof of the Main Theorem
Note that by passing to an appropriate (possibly negative) iterate of L we may assume that the spectrum of L satisfies (2.2).
3.1. Gogolev-Guysinsky result. Our starting point is a weaker form of local rigidity established in [GG08] . It was shown that for sufficiently C 1 small perturbations f , the conjugacy h between L and f is C 1+ε , where ε depends on L only. In particular, h(W * L ) = W * f , for * = s, wu, uu. Note that, by Lemma 2.4, we have Proof. In our proof we will use the following well-known fact: a foliation is smooth, that is, given by smooth charts, if and only if it has smooth leaves and its holonomy homeomorphisms are smooth.
Step Step 3. Let T 1 and T 2 be a pair of 2-dimensional transverals to W uu f and let
be a holonomy along strong unstable foliation. Let
Then by previous steps we have is transverse to T 2 . We define the quotient conjugacyh : T 2 → T 2 by taking the composite map
Here π uu is the "short" holonomy along W uu f . This holonomy is well defined because h is close to id T 3 and, hence, the local leaves W By Lemma 3.1,h is as smooth as h, that is, C 1+ε . In fact, we have the following result.
Lemma 3.2. Quotient conjugacyh :
To prove the lemma we need to explain the commutative diagram depicted on Figure 2 .
3.3.2. Lifts. We pick liftsL,f andh of L, f and h to the universal cover so that 
respectively. Under these identifications the diffeomorphisms
become concrete realizations ofL andf , respectively.
3.3.4. Top-right corner of the diagram. We define diffeomorphismf ′ by the formulâ
(0) which conjugatesL andf ′ . All remaining unlabeled two-headed arrows in the diagram are holonomy maps along strong unstable foliations. Now we have described the diagram fully. It is routine to check that the diagram commutes. 
. This is why C 1 uniformity of the conjugacy p uu is important here.) To see thatf ′ is uniformly smooth we use the description off ′ as the induced map on the space of strong unstable leaves. Namely,
where q uu is the holonomy along strong unstable leaves. The first diffeomorphism of the composition is uniformly smooth. Becausef is uniformly close tõ L, the holonomy is q uu is short, i.e., the distance between x ∈f ( W s+ws L (0)) and
is uniformly bounded. Restrictions of q uu to local plaques can be "projected down" to the torus T 3 . This way we see that these restrictions belong to a (larger) family of holonomies between the leaves of W . By discussion in 3.3.1, T 2 ⊂ T 3 is a transversal for these flows and, hence, we can consider first return maps T : T 2 → T 2 and R : T 2 → T 2 , respectively. By Lemma 3.1, R is a smooth diffeomorphism. Obviously, T is a translation on T 2 . It is also evident from Figure 3 thath conjugates the return maps We also equip the transversal T 2 ⊂ T 3 with the pull-back metric (h −1 ) * g| T 2 . Note that the latter metric is smooth by Lemma 3.2 Let W = T 2 ∩ W u f . We also pick an orientation for W . Note that by our choice of metric on T 2 , diffeomorphism R : T 2 → T 2 is an isometry. Therefore,
The leaves of W wu f can be viewed as graphs over the leaves of W . Namely, for each x 0 ∈ T 2 pick a point y 0 ∈ W uu,loc f (x 0 ) and consider the holonomy 
does not depend on the choice of x 0 and y 0 . It is easy to see that ϕ : T 2 → T 2 is Hölder continuous. Also, as shown on Figure 4 , the fact that the weak unstable leaves are d
where Differentiating (3.10) along W and using (3.8) yields the cohomological equation
where
3.5. Proof of the Main Theorem. We will show that function ϕ defined by (3.9) is smooth. After that we will deduce that W wu f is a continuous foliation with smooth leaves. In fact, we will show that W wu f is a smooth foliation. As was already explained in 3.1 this would complete the proof of the Main Theorem.
Lemma 3.5. The pull-back metric on the strong unstable distribution given by (3.7) is a smooth metric.
We prove this lemma at the end of the current section.
Corollary 3.6. Functions A : T 2 → R and a : T 2 → R given by (3.11) and (3.13), respectively, are smooth.
Proof. Indeed, smoothness of A is immediate from smoothness of strong unstable foliation and the above lemma. The derivative a is also smooth because W is a smooth foliation (which follows from Lemma 3.2).
We rewrite cohomological equation (2.4) using (3.6):
ϕ(h(y)) − ϕ(h(T (y))) = a(h(y)).
By lettingφ = ϕ •h andā = a •h we obtain ϕ(y) −φ(T (y)) =ā(y).
(3.14)
Functionā is smooth by Lemma 3.2 and Corollary 3.6. Now recall that T is a translation
where (β 1 , β 2 , 1) is the eigenvector of L for the strong unstable eigenvalue λ 3 . Because λ 3 is a root of an irreducible integral polynomial of degree 3, it follows from the generalized Liouville's Theorem (see, e.g., [Sch80, VI, Lemma 1A]) that (β 1 , β 2 ) is a Diophantine vector in the sense of (2.3). Henceφ : T 2 → R is smooth by the regularity result discussed in (2.5). Becauseh is smooth we conclude that ϕ is also smooth.
Finally, recall that, by discussion in 3.4.2, the leaves of W By taking the logarithms and recalling that λ 3 is the strong unstable eigenvalue of L we obtain log λ 3 + log(ξ(y)) = log(ξ(f y)) + log D uu f (y) or log(ξ(f y)) − log(ξ(y)) = log D uu f (y) − log λ 3 .
We arrived at a cohomological equation over f with smooth coboundary on the right. Hence, by regularity theory for cohomological equations over Anosov diffeomorphisms [LMM86] , we obtain that log(ξ) and, hence, ξ are smooth.
